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Abstract 

We construct unbounded positive C 2 -solutions of the equation Au + 
j£ u (n+2)/(n— 2) = o in IR™ (equipped with Euclidean metric g Q ) such that 
K is bounded between two positive numbers in IR n , the conformal metric 
g = u 4 /( n_2 ) g Q is complete, and the volume growth of g can be arbitrarily 
fast or reasonably slow according to the constructions. By imposing natural 
conditions on u, we obtain growth estimate on the L 2n// ( n_2 )-norm of the 
solution and show that it has slow decay. 



1. Introduction 

In this article we derive //-estimates on positive solutions of the conformal scalar 
curvature equation 



n + 2 

(1.1) Au + Ku— =0 in IT 



where n > 3 is an integer, A the standard Laplacian on H™, K a smooth function. 
Equation (1.1) relates the scalar curvature of the conformal metric g = u 4 /( n-2 ) g Q 



to AK(n — l)/(n — 2), where g Q is Euclidean metric [ l0[ . It is assumed throughout 
this note that 

(1.2) < a 2 < K(x) < b 2 for large \x\ 
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and for some positive constants a and b. The following estimates are known for 
any positive smooth solution u of equation (1.1) with condition (1.2). 



;i.3) / u{r,6)d6<C l r 



2 — n 

a 

5 n-l 



f n + 2 rt — 1 

(1.4) / u^(x) dx < C 2 r~ 

JB {r) 

for large r and for some positive constants G\ and Gi depending on u (see, for 
example, [IT|). Here B Q (r) is the ball with center at the origin and radius r, and 



S n 1 is the unit sphere in IR n . We seek to obtain higher order estimates of the 
forms 

(1.5) / u p {r, 6) d6 < C 3 r( 2 "")p/ 2 , p>l; 



ri r n-(n-2)q/2 -f „ ^ n+2 / 2n . 

for large r, where C3 , C4 and C5 are positive constants. The above estimates are 
based on the slow decay of u, that is, 



(1.7) u{x) < C 6 \x\ {2 - n)/2 for large \x\ , 

where Cq is a positive constant. 

Our first observation is that, in general, (1.5), (1.6) or (1.7) do not hold. 
Taliaferro |13| shows that positive solution of (1.1) outside a ball in H n with 
condition (1.2) may not have slow decay. We modify the construction in |13| to 



obtain positive C 2 -solutions of (1.1) in H n with K bounded between two positive 
numbers in ]R n , such that the conformal metric g = u 4 /( n-2 ) g a is complete and the 
volume growth of (M n , g) can be arbitrarily fast or reasonably slow with respect to 
the constructions. This suggests that the geometric structure of complete manifolds 
of bounded positive scalar curvature could be very complicated (cf. 0). 

It is observed in that if estimate (1.5) holds for some number p > 
2n/(n — 2), then u has slow decay and hence (1.5) and (1.6) hold for all p, q > 1. 
The integral in estimate (1.6) is the volume growth of (H n , g) when q = 2n/ (n — 2). 
In order to obtain (1.5) and (1.6) for large p and q, additional conditions on K or 
u are required. By using a novel version of the moving plane method, Chen-Lin 
(@ and @|) and Lin examine, among other things, slow decay of u under 
the condition 

C C 
(1.8) < < \s7K(x)\ < r-^— for large Ixl 

x — — x 
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and for some positive constants a, CV and Cg. 

To gain better understanding on u, consider the case when K is equal to 
a positive constant, say K = n{n — 2)/4, outside a compact subset of JR n . We 
express u as an associated function on the cylinder 1R x S n ~ 1 by letting 



n-2 



(1.9) v(s,6) = \x\ 2 u(x) , where \x\ = e s and 6 = x/\x\ G S 

Then v satisfies the equation 



ra-1 



d 2 v . (n-2) 2 . . ..„_, 



(1.10) — + A e w-^ ^f + ifw— =0 in E x 5 

c/s 2 4 

where A# is the standard Laplacian on S 71 " 1 . Here if is interpreted as a function 
on K x S™" 1 such that (s, 0) if( e s , 6) for s G R and 9 G S 71 " 1 . By a result of 
Caffarelli, Gidas and Spruck 0, with improvements by Korevaar, Mazzeo, Pacard 
and Schoen ||, either g can be realized as a smooth metric on S n (in this case u 
is said to have fast decay) , or 

(1.11) v(s,6) =v £ (s + T)[l + 0(e- KS )} for large s , (9 G S" 1-1 

and for some constants k > and T G R. Here v £ , e G (0, [(n — 2) /ra]^ -2 ^ 4 ], is 
one of a one-parameter family of positive solutions of the O.D.E. 

(n — 2) 2 n(n — 2) n+2 m 
1.12 v"-- -v + — -v— =0 in E, 

v ' 4 4 

and e = min t> (t) is referred as the necksize of the solution ||. As O.D.E. (1.12) 
teR 

is autonomous, \v' e \ is bounded in R. Furthermore, the Pohozaev number 

(1.13) P(u) — lim P(u,r) where P(u,r) — / x ■ \/K(x) u^ix) dx 

y 1 K ' ^+oo v ; v ; in Jb (t) v v ' y ' 

is a negative number || . When if may not be a constant outside a compact subset 
of R n , we have the following results. 

Theorem A. Let u be a positive smooth solution of equation (1.1) with condition 
(1-2), and v given by (1-9). Assume that there exist positive constants Cg and C\o 
such that 

(1.14) (s, 6) d6<C 9 + C W v 2 (s, 9) d9 

for large s. If P(u, r) > — 5 2 for large r and for a positive constant 5, then 

(1.15) / u^dx<C'\nr and / | y u\ 2 dx < C" lnr 

JB {r) JB (r) 
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for large r and for some positive constants C and C" . 



Theorem B. Assumed that there exist positive constants Cn and Ci 2 such that 

(1.16) ^ (s,0) < C n + C 12 v(s,6) for large s and 9eS n -\ 
If P(u,r) > —5 2 for large r and for a positive constant 5, then 

(1.17) / u^(r,6)d8 <Cr~ n 

JS"- 1 

for large s and for some positive constant C . Moreover, u has slow decay. 

We prove theorems A and B in section 4. Lower bounds on P(u, r) are 
obtained in section 3, and examples are constructed in section 2. We use c, C, Ci, 
C 2 , ... to denote positive constants, which may be different from section to section. 



2. Examples 

We begin with a construction of positive C 2 -solution u of equation (1.1) with K 
bounded between two positive constants in IR n , such that u is unbounded from 
above in IR n (and hence does not have slow decay), and the conformal metric g is 
complete. Throughout this note n > 3 is an integer. Let 

/ \ \ («- 2 )/ 2 

(2.1) u(r,X) = a n I — —J for r > and A > , 
where a n = [n(n — 2)}( n ~ 2 ^ 4 , and 

cy 

(2.2) u (x) =u(\x\,l)= (1 + |x|2 B )(w _ 2)/2 for x E H". 
Let {ek}kLi C (0, 1) be a sequence of decreasing numbers such that 

oo 

(2.3) I>fc = l, 

fc=i 

{rk}^ = i a sequence of positive numbers such that r± > 1 , r^+i — > 1 for 
k — 1, 2,..., and {M^} a sequence of positive numbers such that — > +oo as 
k — > +oo . For x 1 '* := (r fc , 0, 0) G H™, k = 1, 2, there exist positive numbers 
Afc , k — 1, 2, such that 

(2.4) u k (x) :=u(\x-x 1 ' k \, \ k ) for x G H™ 
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satisfies 
(2.5) 



71 + 2 

Au k + «r 2 = in H n , 



(2.6) Uk(x) < SkU (x) and | y Uk(x) \ < for \x — x 1,h \ > — , and 



(2.7) 



u k (x 1 > k )=a n \t n)/2 >M l 



for k = 1,2,.... Using (2.3) and (2.6), it follows as in |13|] that J2 u k converges 

k=0 

uniformly on compact subsets of H n to a positive C 2 -function. For a positive 
number b, let 



(2.8) 
We have 
(2.9) 
where 

(2.10) 

In particular 

(2.11) 

Let 

(2.12) 



u b (x) = (\x\ 2 + b 2 Y 2 ~ n)/4 for x G H n . 



Au b + K b u^~ 2 =0 in 1R™, 



n(n-2) ( 
K b (x) = y - ' 1 - 



n + 2 


X 


2 


2n 


x\ 


2 + b 2 



for x G JR n . 



n(n — 2) 2 , , n(n — 2) ^ r 

— < K b (x) < — for x G W 

An 2 



u(x) = u b (x) + Uk(x) for x G IR™. 

fc=0 



It follows from (2.5), (2.9) and (2.11) that 
(2.13) -Au{x) 



n+2 °° n + 2 

K b {x)u;-\x) + Y."k 

k=0 



ur 2 (x) 



n(n — 2) n+2 
< — ^— — -u»-*(x) 



for x G IR™. Assume that x G B x ,(1/4) for some positive integer fc'. Using (2.3), 
(2.6) and the inequality (a + b) p < 2 p ~ 1 (a p + V) for a, 6 > and p > 1, we have 



n + 2 

(2.14) u^{x) 



k^k' 



n+2 
n — 2 



< [u b (x) + u k >{x) + 2u (x)\ 



n+2 



< Ci 



n + 2 



n+2 



u^- 2 (x) + ul7 2 (x) + ur 2 (x) 



< —c 2 Au(x) 
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where c\ and c 2 are positive constants depending on n only. Similar estimate holds 
for x $l B x (1/4) for k' — 1, 2, if we choose C2 to be large enough, which depends 
on n only. Thus w satisfies the equation Au + i^-u( n + 2 )/( n ~ 2 ) = in H n , where 

= [-Au(x)} [u^(x)}- 1 for a; G IR™ 

is a continuous function which is bounded in IR™ between two positive constants 
by (2.13) and (2.14). (2.7) shows that u is not bounded from above in H n . The 
conformal metric u 4 ^ n ~ 2 ^g is complete because 

(2.15) u A ^ n ~ 2 \x) > u h l(n - 2 \x) > (l/2)\x\- 2 

for large Let 

roo ( \Jn(n — 2)\ roo ( Jn(n — 2)\ 

(2.16, V.: =U .f c (4^) r-'* = ^/ (^^j .-' * 

for A > 0, where t = A -1 r and oo n is the volume of the unit sphere in H n . By 
choosing suitably far from each other, together with (2.16) and the fact that 
the first integral in (2.16) concentrates more on a neighborhood of for smaller A, 
we have 

(2.17) / u^{x)dx < C 2 lnr 

JB (r) 

for large r and for a positive constant 

Next, given a function <fi : [0, oo) — > [0, oo), we construct a positive C 2 - 
solution u of equation (1.1) with K bounded between two positive constants in 
H n , such that the conformal metric g = u 4 ^ n ~ 2 ^g is complete and 

f In 

(2.18) / u~(x)dx > <f>(r) for r > 2 . 

JB (r) 

Without loss of generality, we may assume that is increasing and 0(0) > 10 V n . 
For k — 1, 2, let N k be a positive integer such that 

(2.19) N k > 2V~ 1 (f)(k + 2) for k = 1, 2, .... 

Let {efc}^l 1 C (0, 1) be a sequence of decreasing numbers such that 

oo 

(2.20) £iV fc e fe <l. 

k=i 

Let ^ fc = 2ir/N k . Let 

(2.21) x fcJ = (k sin (j fc ) , A; cos (j 6 k ) , , 0) G lR n for j = 1, 2, N k , 
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and 



(2.22) u k j(x) = u (\x — Xkj |, Afe) for x G IR n and j = 1, 2,...,N k . 
We choose A& to be small so that 

(2.23) M feJ (x) < e k u (x) and | y u kJ (x) \ < e k for \x - x kJ \ > it/ (10N k ) , 
and 

(2.24) / utf{x)dx>-± for j = 1, 2,...,N k , 

where B Xk , (it/ (lOA^)) is the ball with center at x k j and radius equal to it/ (lOA^). 
(2.24) is possible because, when A is smaller, the first integral in (2.16) concentrates 
more on a neighborhood of the origin. It follows from (2.20) and (2.23) that the 

oo N k 

series u k j converges uniformly on compact subsets of IR n to a positive C - 

fc=ii=i 
function. Let 

oo N k 
fc=l j=l 

As above, we have Au + Ku^ n+2 ''^ n ~ 2 ^ = in IR n , where A' is a continuous function 
on H n that is bounded between two positive constants. For any r > 2, let k be 
the integer such that k+l<r<k + 2. By (2.19) we have 



(r) < 0(^ + 2) < \± < ^ I , „ %r utf{z)dx 



V n _Nk A < 
< / u : ^(x)dx < / U"^(x)dx. 

JBJk+X) JBJr) 



3. Estimates on P(u, r) 



Let P(u, r) be given by (1.13) in the introduction. The Pohozaev identity (see, for 
example, 0) states that 



(3.1) P(u,r) 



' du 
dr 



n-2 



2 |V1 " + 2„ 



rKu n ~ 2 + 



n — 2 du 



2 U dr 



dS 



for r > 0, where S r = dB (r) is the sphere of radius r. 
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Theorem 3.2. Let u be a positive smooth solution of equation (1.1) with condition 
(1-2). Assume that u is bounded from above in M n and 

( 3 - 3 ) "^W ^ " 



Or v ' ~ |x|(«+ 2 )/ 2 (ln \x\Y+t 

for large \x\ and for some positive constants C\ and e. Then P(u,r) > —5 2 for 
large r and for a positive constant 5. 

Proof. Fixing a large number R and using (1.4) we have 

f dK 2n_ 

I r——{x)u n - 2 (x)ax 

JB ((m+l)R)\B (mR) Or 

Ci f 2n i 

^ ~1 m-M / miu / U"-2{X)dx 

(mR) 2 [In (mR)\ 1+6 J B ((m+1)R)\B (mR) 

\ C 2 f ™+2 , , 

> — -jT- — — — / u n - 2 (x)dx 

(mR) 2 [In (mR)\ 1+6 J B (( m +i)R)\B {mR) 

C 3 [(m+1)R]^ C 4 



(mR) 2 [In (mR)} 1+6 ~ m(\nm) 1+e 

for any positive integer m larger than 1 , where r = Here C2, C3 and C4 are 
positive constants. As the series 

00 1 

m=2 



m (lnm) 1+e 



converges, we conclude that there exists a positive constant 5 such that P(u, r) > 
— 5 2 for large r. □ 

Theorem 3.4. Let u be a positive smooth solution of equation (1.1) with condition 
(1-2). Assume that there exists a positive constant c such that 

OK c 

(3.5) — — (r,9) > — - for large r and 9 e S 11 ^ 1 . 

or r 2 

If there exist positive constants C and AG (0, 1) such that 

(3-6) * Ce " 

for large s, then P(u, r) > — 5 2 for large r and for a positive constant 5. 
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Proof. For a positive number e > such that e + A < 1, using Young's inequality 
we have 



n — 1 + e 



-(I 

dr KJs"- 1 



r n - 1+£ u^(r,9) d6 
2n 



r 

-1 + e 



ys»-i K J n-2 ysn-i v ' ; <9r v ' ; 



„n— 1+e 



+ 



gn-1 

2n 



u^(r,9)d9 



n — 2 -As™- 1 



n+2 

u»- 2 (r, i 



9m n — 2u 
dr 2 r 



(r, 6) r 



ra-l+e 



de 



< 



c 5 



du n — 2 u 
dr 2 r 



(r,9) 



2n 
n-2 



de 



r 2-e 



Q v \ n-2 



Ms) i-*** 



,.2-A-e 



for large r, where r = e s and C 5 and C 6 are positive constants. It follows that 
there exists a positive constant C-j such that 



(3.7) 



r £ u^-2 dS < C 7 or 



Is, 



m»-2 < C-jr 



for large r. For a fixed large number i? , we have 



2n 



P(u 



<9K 



U«- 2 dx > —Ca — Cq 



f R -1 f 



n — 2 v ' Jb (K) dr 
for large R with R Q < R. Here C$, C$ and Cio are positive constants. 



idSdr > -C 
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□ 



4. Proofs of Theorem A and B 

Proof of Theorem A. Let 

(4.1) w (s) = -[ v 2 (s,9)d9 for seJR, 
where v is defined in (1.9). Using equation (1.10) we have 

(4.2) w »(s) = I^ff(s,9)d9 + J sn js7ev(s,9)\ 



d9 



("M -Y [ v 2 (s,9)d9- [ K(e s ,9)v^(s,9)d9 
2 J Js"- 1 Js"- 1 
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for s G H . The Pohozaev identity can be expressed as 

(4.3) 2P(u,e s ) = [ (s,6)d6- [ | V e v (s,6)\ 2 d6 

— V / v y s ,0)de + ^—^ f K(e s ,6)v^(s,9)d9 
2 / n Js™- 1 

for s G JR §. It follows from (1.2), (1.4), (4.2) and (4.3) that 

2 a 2 



^(s,e) dd 



(4.4) w"(s) < d + C 2 ( v 2 (s, 6)d6- — ( 

for large s, where C\ and C 2 are positive constants. Applying Young's inequality 
we obtain 

(4.5) -— / v^(s,6)d6 <C 3 -C 4 [ v 2 (s,6)d6 

for large s, where C3 and C4 are positive constants. Furthermore, by choosing 
C3 to be large, we can take C4 to be large as well. Hence there exists a positive 
constant C5 such that 

(4.6) w"(s) < C5 — w(s) for large s. 

From (4.6) it is easy to see that w(s) is uniformly bounded from above for large s. 
To prove this assertion, assume that there is a large s' such that w(s') > C5 + 1. 

(4.6) implies that w"(s') < —1. Let s Q be a number larger than s' such that 
w(s ) < C 5 + 1 and u>'(s ) < . If w(s) < C 5 + 1 for all s > s , then we are done. 
Assume that Sj is the smallest number larger than s such that w(si) — C5 + 1. 
We claim that 

(4.7) D := iy'(si) < 2 (C 5 + 1) . 

Let s G (s , si) be the largest number such that w'(s) = D/2. As w" < C5 on 
(s ,si), we have si — s > D/(2C$). On the other hand, u/ > D/2 on (s, s\). 
Therefore we have 

C 5 + 1 > w( Sl ) - w(s) > ^- • j D 2 < 4C 5 (C 5 + 1) . 

Hence we have (4.7). From s 1; w(s) can become no larger than (C 5 + 1) + [2(C 5 + 1)} 2 
before w'(s) becomes negative again. Hence we conclude that w(s) is uniformly 
bounded from above for large s. 



10 



From Pohozaev identity (3.1) we obtain 



(4.8) 



Is, 



r\ v u\ 2 dS 



Is r ( dr / 



n — 2 jn_ n — 2 <9w 



dS-2P(w,r) 



for r > 0. We have 
(4.9) 



9m 
dr 



dS 



du n — 2 if 
<9r 2 r 



/■ (9?/ 
dS-(n-2) / w— dS- 
Jsv or 



n-2 



u 



s r r 



dS 



for r > . Using (1.14) and the fact that w is bounded from above we obtain 



(4.10) - / u^dS 
Js r or 



Is, 



u 



du n — 2 u 
dr 2 r 



dS + 



n-2 



I, 



u 



Is, 



du n — 2 u 
dr 2 r 



2 Js r r 

2 



dS 



dS+- { —dS 

2 Js r r 



for large r and for a positive constant C 6 , where r = e s . It follows from (4.8), (4.9) 
and (4.10) that 



Is, 



Xju\ z dS < — + 



C-J 11 — 2 f _2n_ 



n 



Ku"-2 dS 



for large r, where C 7 is a positive constant. Therefore we obtain 



(4.11) 



L 



Bo(r) 



V u\ 2 dx < C 8 lnr + 



n-2 



Ib, 



Ku n - 2 dx 



n JB (r) 



for large r and for a positive constant C 8 > C 7 . On the other hand we have 



L 



Ku n - 2 dx 



Bo(r) 



Ib, 



Ib, 



V u\ 2 dx 



u (—Am) dx 

lB (r) JB (r) 

n — 2 f 2n 

< C 8 In rH / Ku~dx + C 6 

Je 



r du 
Js r dr 



dS 



n JBo(r) 

for large r, where we use (4.10). Hence there exists a positive constant C 9 such 
that 

\ Ku"- 2 dx < C 9 lnr 

JB (r) 

for large r. If u £ L 2n ^ n ~ 2 \]R n ), then clearly we have the first inequality in (1.15). 
Assume that u <£ L 2n ^ n - 2 \WC). Using (1.2) we have 



2n 2 

u™- 2 dx < 



B (r) 



a 2 J Bo 



2n 2 Cg 

Ku n -' 2 dx < — — lnr 



(r) 

11 



for large r. Hence we have the first inequality in (1.15). The second inequality 
follows from (4.11). □ 



Proof of Theorem B. From the proof of theorem A we have 
(4.12) 



u 2 (x) 



dS = f v 2 {s,6)d6 = 2w{s) < C 
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for large r, where r = \x\ = e s and Cio is a positive constant. By using (1.16) and 

(4.12) we also have 

(4.13) 



du n — 2 u 
dr 2 r 



dS= [ r n 



du n — 2 u 
dr 2 r 



d6 



r fdv\' 
is™- 1 \ds J 



d6<C 



ii 



for large r, where Cn is a positive constant. It follows from Pohozaev identity 
(3.1) that 

du n — 2 u 1 " 

r 

Is, 



< 414 > L 



12 jc / n i / r Ku—^dS + 2 r 



r\\/u\ z dS < C 12 + 



n Js, 



Is, 



is. 



dr 2 r 



dS 



(n -2) u 

J S r 



du n — 2 u 
dr 2 r 



dS 



< c 13 + 



n-2 



n Js r 



rKu^ dS + C14 / r 



+ c 15 J s -dS < C 16 + — 



du n — 2u 
dr 2 r 



2n 

rKu n - 2 dS 



dS 



r n Js r 

for large r, where we use (4.12) and (4.13). Here Ci 2 , Ci 3 , C14, C15 and Ci 6 are 
positive constants. (4.14) implies that there exists a positive constant Cn such 
that 

n-2 



(4.15) 
for large R. We have 



2n 

rKu n - 2 dx 



n JB (R) 



(4.16) 



rKu n ' 2 dx 



B (R) 



B (R) 



(ru)(—Au) dx 
du 



= / r v w " x + / Mtt dx — R u— db 

Jb (r) JBo(R) dr Js R dr 

for R > 0. Using (4.13) we obtain 



< 417) 1 



(9-u , 
u — dx 

(R) dr 



Jb (r) 

L 



du — 2u 
dr 2 r 



dx — 



n-2 



I 



u 



2 Jb (r) r 



dx 



< Ci 8 / r 



(9m n — 2u 
dr 2 r 



dx < C\g R 
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for large R, where Ci 8 and C w are positive constants. As in (4.10) we have 



(4.18) 



ft i ii-^- dS 

s R or 



< C 2 Q R 



for large R, where C 20 is a positive constant. From (4.15), (4.16), (4.17) and (4.18) 
we obtain 

-/ 

n JBo(R) 

for large R, where C 2 i is a positive constant. Using (1.16) we have 



(4.19) 



rKu™- 2 dx < C 2 i R 



d_ 

dr \Js r 



r u™~ 2 dS 



d 

dr \Js 



(n + 1) 



n -22- J/1 271 

r • k»- 2 dQ 



S n-1 



I, J/1 , 2n 

r n u™- 2 d6> + 



ra-2 
2n 



Js"- 1 

+ n r n+1 u™- 2 — 

n — 2 Js™- 1 or 

[ 

Js™- 1 



de 



r + u™- 2 



= / 

Js™- 1 

f n J 2 ™. ln , 2n /■ / n + 2 n 

= / r u n ~ 2 d9-\ / r 2 u™ 

Js™- 1 n — 2 Js™- 1 v 

/ < 

Js™- 1 



du n — 2 u 
dr 2 r 



n+2 n+2 - 

2 ) { r 2 



9m n — 2 if 
<9r 2 r 



de 



< a 



r n u — de + a 



du n — 2 u 
dr 2 r 



2n 
n-2 



= c. 



22 



s™- 1 



r n u— de + G 



f 

Js™- 1 



dv 



ds 



2n 
n— 2 



21 



r n «— de + c ; 



25 



for large r, and for some positive constants C 22 , C 23 , C 24 and C 25 , where r = e s . 
Hence 



(4.20) 



s R 



t l u— dS) dt < C 26 



Jo (X t 

< C 26 + C 24 f R I tu& dSdt + C 25 (R - r ) 

J rv, J St 



L (is t 



t 2 u~dS) dt 



< C27R + C 28 / ru™- 2 dx 
Jbo(R) 

for R and r Q large, with R > r Q . Here C 2 6, C 2 7 and C 2 s are positive constants. 
Consider the case when u £ L 2n /("- 2 )(IR n ). It follows from (1.2) and (4.19) that 



(4.21) 



Ib, 



In I In 

ru™- 2 dx < C29 / rKu™-' 2 dx < Cm R 
Jb 



'Bo(R) JB (R) 

for large R and for some positive constants C 29 and C 30 . Clearly we have 



(4.22) 



ru™- 2 dx < C 3 i R 



B (R) 
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for large R and for some positive constants C 31 if u G L 2n /( n " 2 )(lR n ) . From (4.20) 
(4.21) and (4.22) we have (1.17). By the results in [|ll[ 
slow decay (1.7) as well. 



sec 



also 0) 



we obtain 
□ 
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